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Abstract 
The modeling of bioreactors with immobilized cells is a complex process, incorporating in itself different complex 
operations. Depending on the design of the bioreactor and the biotechnological process are possible different 
combinations of mathematical models. Knowledge of the kinetics of biological processes and mass transfer are 
necessary to understand the basic principle of operation of the bioreactor. An important step in developing a complete 
model of the bioreactor is to explore and describe the flows’ structure in the working volume of the apparatus. For 
reactors with different flow and mixing characteristics are needed different methods for design, modeling and 
scaling-up. In this work an analysis of the experimental curves to determine the liquid residence time distribution 
(RTD) of liquid in the bioreactor was made. Based on this analysis, two different combined models of the flow 
structures were built. The study was done using specialized software RTD 3.14. The estimation of the models 
parameter was made using least square method. The algorithm permits parallel, serial and other kinds of connections 
of building blocks, including recycles. Directions of flows between blocks and flow fractions, when necessary, are set 
by user. The models are characterized with simple structure and with good ability to reproduce experimental results 
with high accuracy. They were built by plug flow and ideal mixing units, which is a prerequisite for easy and quick 
integration in the synthesis model of the fermentation process in the bioreactor. The developed combined models for 
RTD description will be used to establish a system for control of the ethanol fermentation with immobilized cells. 
Thus, the impact of flow hydrodynamics will be render in account on the fermentation process. 
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1.Introduction 
The modeling of immobilized cells bioreactors is a complex process involving many different factors. 
Generalized model of a bioreactor can be divided into three main parts: bioprocess kinetics, 
hydrodynamic characteristics and mass exchange phenomena in the apparatus, as usually there is 
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correlation between them. The residence time of the flow elements and its distribution (RTD) are one of 
the most important hydrodynamic characteristics of each bioreactor. Through them can assess the effects 
of conversion of substrate into product under certain kinetic characteristics of the process. This parameter 
is characterized by a distribution function of random variable F (t), respectively [2,3,6]: 
    ( )  f t dF t dt p t        (1) 
where: p(t) defines the probability of the residence time of the elements flow in the interval t; t+dt. 
The tracer technique is used for the determination of RTD function.  Based on the results of that 
research reactors could be classified into two main groups - ideal and non-ideal (real) reactors. The ideal 
reactors are divided on two main types –perfect mixing reactor and plug flow reactor. The non-ideality 
flow is due to various reasons detailed mentioned in the literature. In most cases, non-ideal flow is 
undesirable and could be avoided with appropriate design of the systems. However, even with appropriate 
design the non-ideal flow can be maintained then it should be recorded appropriately in mathematical 
models.  
The non-ideals reactors are these systems, which differ significantly from the two ideal cases. The 
non-ideal flow due to various reasons, mostly related to the difficulties in the design and manufacture of 
device. Therefore, when we design the reactor, we have to assume the description of the flow, which is 
described with plug flow or perfect mixed reactor. Naturally, this degree of idealization must be taken 
into account, which will subsequently facilitate the modeling, scaling and management processes carried 
out in the bioreactor [2,3]. In various forms of non-ideal flow is used terms such as channeling, 
turbulence, stagnate areas and others. In channeling process large parts of fluid passing through the 
apparatus faster than others, but all the fluid passing through the system. Channeling can be found in 
poorly ordered vessels or in vessels with small correlation length - diameter. A stagnate area of fluid may 
occur in the collectors due to pressure of gas, in the corners and cause sliding over these areas. Bypass 
flow causes a reduction of the effective volume of the equipment, which is not desirable and is a sign of 
bad design. In recirculation fixed quantity of fluid returns at systems entrance. This type of flow may be 
desirable, and may be supported by appropriate equipment to regulate flow or with appropriate design of 
the vessel [2,3]. Most real systems are often modeled using a combination of ideal reactors. This type of 
model is called combined [2-4,6]. 
One real reactor may be modeling as divided of few same cell models. Each of them is seen as an 
ideal reactor working in continuous mode with constant agitation. The number of cells is determined by 
the differential and the integrated curve of RTD. Many types of models can be used for characterization 
of the non-ideal flow patterns inside the vessels. Some models borrowed some analogy between the real 
flow mixing and diffusion process. They are called dispersion models. Others displayed different flow 
areas, connected in series or parallel. When the flow back to the mixing flow in all these areas were 
observed cells models or models with back mixing. When different types of flow regimes are interrelated 
we may synthesize combined models [2-4,6]. 
The choice of model depends primarily from the system; a mathematical form of the dependence is 
different in its complexity. The number of parameters in the model can vary widely - from one for pipe 
reactor, to six for example for fluidized bed reactors. The choice of these parameters is done according to 
the form and nature of RTD curves. Detailed information on various combined models can be found in a 
wide range of literature [2-4,6]. 
The aim of this work is to describe several possible combined mathematical models for liquid RTD in 
a bioreactor with light particles, designed for ethanol fermentation with immobilized yeast. 
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Nomenclature 
F(t) random variable  
RTD  residence time distribution 
p(t) probability 
D dilution rate 
 
  
2.Materials & Methods 
2.1 Fluidized bed bioreactor with light beads 
The laboratory column bioreactor (Fig. 1) contains a plexiglas column with a height 980 mm and 
internal diameter 56 mm, as in the upper part is placed a cylindrical phase separator with diameter 120 
mm. The modeling solution (tap water) circulates using peristaltic pump 4. The solid phase was 250 g 
alginate beads with density 1125 kg/m3. The liquid flow was measured by calibrated rotameter 5. The 
residence time was determined by two ways. When was measured the RTD in the fluidized bed zone a 
step function was used. This step function was made by the three way valves 8 and the reservoirs 9. 
0,25% NaCl solution was used as a tracer. The tracer concentration was measured by automatically 
systems consisted from conduct-metric cell 11, conduct-meter 12 and PC 13. The impulse function was 
used when the RTD was measured in the bioreactor with liquid recirculation. As a tracer was used 30 cm3 
15% KCl solution. The tracer was put into the entrance flow at the moment Ĳ=0. The conduct-meter cell 
11 was put on the systems outflow in the cell 16. The tracer concentration in the outflow was registered 
by the data collector 12 and PC 13 [1]. 
 
Fig. 1.  Schema of light beads fluidized bed bioreactors 
2. 2. Combined models.  
The combined models were compiled based on the analysis of the experimental RTD curves of 
residence the apparatus [1]. The parameters of the synthesized models were determined by software RTD 
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3.14, which is free through the website of the Russian Scientific Center of Applied Chemistry, 
ChemInform-St. Petersburg [5]. 
3.Results & Discussion 
The description of the fluidized bed bioreactor with light particles could be hardly attributed to some 
of the ideal cases. The experimental curve from the single step function (fig.2) could be conditionally 
divided into two zones: =RQH – combination of plug flow and ideal mixing reactors; =RQH – perfect 
mixing reactor.  
 
Fig. 2.  Integral RTD curve analysis   
Diversion of reactors from the ideal cases was due to mixing of the liquid in its passage through the 
dense drainage of glass beads and the fluidized bed. The mixing degree in the drainage depends on of its 
physical characteristics - size and shape of the particles, height, etc. The mixing degree in the fluidized 
bed was most strongly influenced by the height of the fluidized bed and the particle density. Since the 
particle density was close to the water density the mixing in the second zone was relatively low. 
However, it must be taken into consideration. Based on this analysis was suggested the following 
combined model consisting of three parts: plug flow reactor, which defines the liquid residence time in 
the column; a perfect mixing reactor, which represents the drainage; a perfect mixing reactor, which 
represents the fluidized bed (fig.3). The model parameters are represented in Table 1.  
 
 
Fig. 3. Combine model for the fluidized bed 
The liquid recirculation changed the nature of the flow in the reactor (fig.4). Flow in the apparatus 
changes its character from near the plug flow to near perfect mixing reactor. At the tracer concentration 
graph as a function of the time, which coincides with the RTD differential curve, was observed and a few 
local maximum of the function. The distance between them corresponds to the time for circulation of the 
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liquid. These local peaks show that even though the introduction of recirculation and close to the ideal 
case, the bioreactor has the characteristic non-ideal flow. The analysis of the curves show that if complete 
a certain parts of the graph around local maximum of the function, the curve does not differ from the 
differential curves occurred by the single step function, i.e. the bioreactor retains its characteristics. 
Therefore, the combined model of the apparatus should be built on the model presented in fig.3. 
Table  1.Parameters of the combined models for determination of residence time distribution 
Water 
velocity, m/s 
Parameters of the combined model (fig.3) (liquid 
residence time) – step function  
Parameters of the combined model (fig.5) (liquid 
residence time) – pulse function 
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Fig.4. Differential RTD curve analysis for bioreactor with recirculation   
 
The recirculation loop is presented as a plug flow reactor. The liquid residence time of that plug flow 
reactor is equal to the recirculation time determined from the experimental curves (fig.4). The studied 
variants were performed with the velocities in table 1. The bioreactor had worked in continuous mode 
with dilution rate D=1 h-1 (Q=3 l/h). 
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Fig. 5. Combine model for the bioreactor with recirculation 
4.Conclusion 
The development of the models for RTD of the phases in the working volume of the bioreactor is an 
important stage in the bioprocess modeling, optimization and scaling. In this work were represented 
analyses of the results of series of experiments for RTD determination in light beads fluidized bed. Based 
on the analysis were developed combined mathematical models for RTD. The models are distinguished 
by simplicity and ability to reproduce the experimental results with high accuracy. They are composed 
from ideal units (plug flow and perfect mixing reactors), a prerequisite for easy and rapid integration into 
the generalized model of research process. 
Acknowledgments 
This work was supported by the National Science Fund under the Project No DɌɄ 02/27 “Increasing 
the efficiency of bio-fuel purpose ethanol production” and by bilateral agreement project “Advanced 
intelligent control in chemical and bio-chemical industries” between ICSR – BAS and Petroleum-Gas 
University, Ploiesti, Romania. 
References 
[1] Kostov G, Investigation of fermentation systems for ethanol production, PhD Thesis, University of Food Technologies, 
Plovdiv, 2007, p. 180  
[2] Levenspiel O., K. Bishof, Patterns of flow in chemical process vessels, In: Advance in chemical Engineering, vol.4, 1963, 
John Wiley and Sons, New York-London 
[3] Levenspiel O, Chemical reaction engineering, John Wiley & Sons, New York, 1999, p.684 
[4] Otton V., J.Y. Hihn , J.F.Béteau , F.Delpech,  A. Chéruy, Axial dispersion of liquid in fluidised bed with external recycling: 
two dynamic modelling approaches with a view to control, Biochemical Engineering Journal 4, 2000, 129–136 
[5] RTD 3.14 Textbook, www.cisp.spb.ru   
[6] Zessen E., Hydrodynamics of a liquid-liquid-solid fluidized-bed bioreactor, 2003, thesis, Holland 
 
Presented at ICEF11 (May 22-26, 2011 – Athens, Greece) as paper MCF1256. 
